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Abstract—Reinforcement learning (RL) is a framework that
enables a controller to find an optimal control policy for a task
in an unknown environment. Although RL has been successfully
used to solve optimal control problems, learning is generally
slow. The main causes are the inefficient use of information
collected during interaction with the system and the inability
to use prior knowledge on the system or the control task. In
addition, the learning speed heavily depends on the learning rate
parameter, which is difficult to tune. In this paper, we present a
sample-efficient, learning-rate-free version of the Value-Gradient
Based Policy (VGBP) algorithm. The main difference between
VGBP and other frequently used algorithms, such as Sarsa,
is that in VGBP the learning agent has a direct access to the
reward function, rather than just the immediate reward values.
Furthermore, the agent learns a process model. This enables
the algorithm to select control actions by optimizing over the
right-hand side of the Bellman equation. We demonstrate the
fast learning convergence in simulations and experiments with
the underactuated pendulum swing-up task. In addition, we
present experimental results for a more complex 2-DOF robotic
manipulator.

Index Terms—Reinforcement learning, process model, robotics,
local linear regression, least squares temporal difference.

I. INTRODUCTION

Reinforcement learning (RL) is a methodology inspired by
animal learning that enables an agent to learn how to control
an unknown process in an optimal way by trial-and-error
[1]. Feedback on the current performance is provided to the
agent in real-time by means of an instantaneous reward signal.
The RL controller optimizes the cumulative reward, called the
return, by maintaining an estimate of the expected return in
each state of the process by using a value function [2], also
called the critic. The controller, in the RL literature called the
actor, takes an action that yields the highest return, either by
optimizing over the value function or by learning an explicit
mapping from states to actions, the policy. In continuous state
and action spaces, both the value function and the policy are
represented by function approximators.

One of the main disadvantages of RL is the slow learning
caused by inefficient use of samples [3]. Numerous methods
have been devised to improve sample efficiency, like eligibility
traces [2], experience replay [3], [4] and methods that learn
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a process model [5], [6]. The model learning RL algorithms
are related to approximate dynamic programming [7]. In Dyna
[5], the process model is used to increase the learning speed of
the value function by simulating interactions with the system.
The model learning actor-critic (MLAC) and reference model
actor-critic (RMAC) algorithms [6] use a learned process
model in efficient actor updates that lead to faster learning.
MLAC uses a model solely in the actor update. Like in
Heuristic Dynamic Programming (HDP) [8], the model is used
to estimate the policy gradient. The actor is updated with a
gradient ascent update rule. In RMAC the model is used to
train a reference model, which contains a mapping from states
to desired next states. The action needed to go to the desired
next state is obtained through a local inverse of the learned
process model.

The success of experience replay and model learning RL
methods gives rise to the question if there is more information
that can be provided to the agent to enable it to take better
decisions. In the standard RL framework both the reward
function and the system are considered to be part of the
environment [2]. However, in most cases the reward function is
designed by an engineer and therefore can be easily provided
to the learning agent. With the reward function and a learned
process model the agent has complete information on the
environment, which enables it to select optimal actions in a
more effective way. An RL method that selects its actions
with this full view is the Value-Gradient Based Policy (VGBP)
algorithm [9]. It selects the action by optimizing the right-hand
side of the Bellman equation. Because only the process model
and the critic have to be learned and not an explicit actor,
it is a critic-only method. VGBP has a number of favorable
properties. By the efficient use of the available information it
achieves fast learning. It is a critic-only method that is able
to generate a smooth continuous policy that is (very close to)
the optimal signal. When the system dynamics are linear and
the reward function is quadratic, the agent generates the same
actions as a linear quadratic regulator [9]. Furthermore prior
knowledge about the system dynamics can be incorporated by
initializing the process model.

The contributions of this paper are the following. We
introduce a novel variant of the Value-Gradient Based Policy
algorithm which is based on Least Squares Temporal Dif-
ference (LSTD) learning [10] for the critic. Thanks to the
use of LSTD, the VGBP algorithm no longer requires the
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critic learning rate and therefore becomes easier to tune. We
compare the learning performance of this algorithm with the
on-policy critic-only method Sarsa [2] and the model based
MLAC algorithm [6], to see the benefits of the incorporation
of the reward function knowledge into the agent. We apply
different function approximation techniques to VGBP and
show that it not only achieves quick learning in simulation,
but also works very well in real-time experiments with two
benchmarks: pendulum swing-up and 2-DOF manipulator.

The remainder of the paper is structured as follows. Sec-
tion II introduces the MDP framework. The relevant RL
algorithms used in this paper for comparison are described
in Section III. Function approximators for the critic and the
process model are presented in Section IV. In Section V, the
learning-rate-free version of VGBP algorithm is introduced.
The performance of VGBP is tested and compared with Sarsa
and MLAC on two systems in Section VI. A discussion
on the learning behavior of VGBP is given in Section VII.
Section VIII concludes the paper.

II. MARKOV DECISION PROCESS

We adopt the standard reinforcement learning formulation
in which the agent environment interaction is modeled with a
deterministic Markov decision process (MDP). An MDP is a
four-tuple (S, A, P , R), where S ∈ RD is the D-dimensional
state space, A is the action space, P : S × A → S is the
transition function and R : S×A → R is the reward function.

At each time step k the agent receives the current state of the
environment sk. The agent uses a policy π calculate action a in
state s. The action leads to a state transition sk+1 = P(sk, ak)
and a reward rk+1 = R(sk, ak). The goal of the agent is to
maximize the discounted sum of rewards, known as the return
ρ. The discounted return of a policy π is given by the following
expectation

ρ(π) = E

{ ∞∑
k=0

γkrk+1

∣∣∣d0, π

}
, (1)

where γ ∈ [0, 1) is the discount factor and the initial state s0

is drawn from an initial state distribution d0. An estimate of
the return can be stored for a state s, or a state-action pair
(s, a). The expected return under policy π when starting in a
state s is captured in the value function V π : S → R given by

V π(s) = E

{ ∞∑
k=0

γkrk+1

∣∣∣∣s0 = s, π

}
. (2)

The return received after taking action a in state s is stored
in the Q-function Q(s, a) : S ×A 7→ R, given by

Qπ(s, a) = E

{ ∞∑
k=0

γkrk+1

∣∣∣∣s0 = s, a0 = a, π

}
. (3)

Both the value and the Q-function satisfy the Bellman equation
[2]:

V π(s) = E {R(s, π(s)) + γV π(s′)} , (4)
Qπ(s, a) = R(s, a) + E {γQπ(s′, π(s′))} , (5)

where s′ is the next state generated by the transition function
s′ = P(s, a). The relation between the value function and the
Q-function is given by

Qπ(s, a) = R(s, a) + γV π(s′). (6)

The optimal policy π∗ is the policy that has the highest
return V ∗(s) = maxπ V

π(s) ∀s ∈ S and Q∗(s, a) =
maxπ Q

π(s, a),∀(s, a) ∈ S ×A. The optimal value functions
satisfy the Bellman optimality equations

V ∗(s) = max
a

(
R(s, a) + γV ∗(s′)

)
, (7)

Q∗(s, a) = R(s, a) + γmax
a′

Q∗(s′, a′). (8)

A greedy policy π is derived from Q(s, a) by taking in each
state the action with the highest return:

π(s) ∈ arg max
a

Q(s, a). (9)

When derived from Q∗(s, a), the greedy policy is also the
optimal policy π∗. With continuous state and action spaces,
the value functions must be approximated. The approximate
state value function is denoted by V πθ : S → R, with the
parameter vector θ ∈ Rp. The state-action value function Q is
approximated by Qπθ : S × A → R. For the ease of notation,
in the sequel, we drop the superscript π.

III. MDP SOLUTIONS

In this section, two MDP solution algorithms are introduced
that are comparable to VGBP. These methods learn the value
function of the currently used policy, they are on-policy
algorithms. The most well known on-policy critic-only method
is Sarsa. This method is used to compare VGBP to general on-
policy critic-only methods. Thereafter MLAC is introduced.
Both MLAC and VGBP use the process model to compute the
gradient of the return with respect to the policy parameters.
Because of this similarity, a comparison between MLAC and
VGBP provides more insight in the use of a process model
and a reward function in continuous reinforcement learning.

A. Sarsa

Sarsa selects actions based on the Q-function. The Q-
function is learned by minimizing the temporal difference error
(TD):

δk+1 = rk+1 + γQθk(sk+1, ak+1)−Qθk(sk, ak), (10)

which is simply the difference between the left and right
hand side of the Bellman Equation (5). The name Sarsa is
an acronym for the tuple (sk, ak, rk+1, sk+1, ak+1) used in
the update equation. The Q-function parameters are updated
by means of the following gradient-descent formula:

θk+1 = θk + αkδk+1
∂Qθk(sk, ak)

∂θ
, (11)

where αk > 0 is the learning rate. To guarantee convergence
the learning rate has to satisfy the Robbins-Monro conditions
[11]:

αk > 0 ∀k
∑
k

αk =∞
∑
k

α2
k <∞. (12)
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Furthermore, all state-action pairs need to be visited infinitely
often. In theory, this is ensured by sometimes taking ex-
ploratory actions instead of greedy actions. A simple explo-
ration method is ε-greedy action selection: with probability
1 − ε (where ε ∈ (0, 1)) the greedy action is taken and with
probability ε a random action is chosen from A. Approximate
Sarsa converges with probability 1 if the exploration term
ε decays to zero and the policy satisfies certain regularity
conditions [12].
The update equations (10) and (11) assign the current reward
rk+1 only to the latest transition. However, the current reward
is the result of an entire trajectory. Learning can be sped up by
using eligibility traces e ∈ Rp that allow the current reward
rk+1 to update the Q-values of the recently visited states. The
update equation with eligibility traces is

ek = λγek−1 +
∂Qθ(sk, ak)

∂θ
, (13)

θk+1 = θk + αkδk+1ek, (14)

where λ ∈ [0, 1] is the trace decay parameter and e0 = 0.

B. Model Learning Actor-Critic

MLAC consists of three parts; it contains a separate function
that describes the policy π (the actor), an element that eval-
uates the policy (the critic) in the form of a value function
and a process model [13]. The critic and the process model
steer the actor towards an optimal policy. The critic is updated
according to

δk+1 = rk+1 + γVθ(sk+1)− Vθ(sk), (15)

ek = λγek−1 +
∂Vθ(sk)

∂θ
, (16)

θk+1 = θk + αδk+1ek, (17)

with e0 = 0. The policy is a parameterized function πϑ with
ϑ ∈ Rp. The policy is updated with the following gradient
ascent update rule

ϑk+1 = ϑk + αa,k
∂ρ

∂ϑ
, (18)

where αa,k is the actor step size that has to satisfy the Robbins
Monro conditions and ∂ρ

∂ϑ is the policy gradient. With the
process model P̂ , the policy gradient is approximated by

∂ρ

∂ϑ
≈ ∂Vθ(s)

∂s

∂P̂(s, a)

∂a

∂πϑ(s)

∂ϑ
. (19)

IV. FUNCTION APPROXIMATION

In this paper, two types of function approximators are used:
local linear regression (LLR) and a radial-basis function (RBF)
network .

A. Local Linear Regression

LLR is a non-parametric method that approximates a nonlin-
ear function y = f(x), with input x ∈ Rn and output y ∈ Rm
by fitting an affine model to a subset of input-output data
stored in a memory. It is referred to as a lazy approximator,

because it simply stores all the input data and only performs
a computation when a query is made [14]. During learning,
observations of input-output data, called samples, are collected
and stored in the memory. The samples are column vectors
ςi = [xTi |yTi ]T , with i = 1 . . . N . The samples are stored in
the columns of the memory matrix M , of size (m+ n)×N .
Outdated samples are replaced by new samples, using a
memory management method whose details are beyond the
scope of this paper. To calculate the prediction, first the K
nearest samples in the memory are selected, according to
a weighted distance metric [6]. The input is scaled with a
scaling matrix W , which generally has a large influence on
the accuracy of the prediction [14]. The input and output data
of the nearest neighbors are collected in the matrices

Y =
[
y1 y2 · · · yK

]
X =

[
x1 x2 · · · xK
1 1 · · · 1

]
.

(20)

The local model parameter β ∈ Rm×(n+1) is then found by
minimizing the squared error ε = ‖Y − βX‖2, using for
instance the right pseudo-inverse:

β = Y XT (XXT )−1. (21)

The output for a given input x is then approximated by

ŷ = β

[
x
1

]
. (22)

Advantages of LLR are that no global structure for the approx-
imator needs to be defined, its exhibits good generalization and
fast initial learning. A drawback of LLR is the fact that looking
up the neighboring samples in the memory becomes time
consuming for large memory sizes. However, for up to several
thousands of samples, the algorithm is perfectly feasible for
real-time applications. For instance, our Matlab implementa-
tion for the experiments reported in Section VI runs well in
real time for sampling rates up to about 500 Hz. We have also
implemented the method in C, which is several times faster,
making the algorithm feasible for sampling frequencies even
above 1 kHz.

B. Radial Basis Function Network

For the value functions, we use a radial basis function
network approximator

Vθ(s) = θTφ(s) or Qθ(s, a) = θTφ([s, a]), (23)

with θ ∈ Rp the parameter vector and φ(s) : S → Rp and
φ([s, a]) : S × A → Rp vectors of basis functions (BFs). In
this paper, normalized Gaussian radial basis functions (RBFs)
are used:

φi(s) =
φ̄i(s)∑p
i′=1 φ̄i′(s)

, (24)

φ̄i(s) = exp

(
−1

2
(s− ci)TB−1

i (s− ci)
)
, (25)

where ci ∈ RD is the center of the RBF and the symmetric
positive definite matrix Bi ∈ RD×D is its width.
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V. VALUE-GRADIENT BASED POLICY ALGORITHM

Critic-only algorithms select the greedy action a by finding
the maximum (9) of the left hand side of Equation (6). The
right hand side of Equation (6) can be used to select the action
if both the reward function and the transition model are known.
In most cases the reward function is known and can therefore
be provided to the agent. Given a process model P̂ learnt from
data, the optimal action is then found by solving

a = arg max
a′

(
R (s, a′) + γVθ

(
P̂(s, a′)

))
. (26)

Because both R(s, a) and Vθ(s) are in general highly non-
linear, (26) can be hard to solve. If Vθ is smooth enough to
be approximated by first order Taylor series and the process
model is approximately linear in the control action, the Q-
function can be approximated by

Qθ(s, a) = R(s, a) + γVθ(s
′) (27)

≈ R(s, a) + γVθ(s) + γ
∂Vθ(s)

∂s
(s′ − s) (28)

≈ R(s, a) + γVθ(s) + γ
∂Vθ(s)

∂s

∂P̂(s, a)

∂a
a. (29)

The nonlinearity in the reward function remains. If the reward
function is convex, a unique solution can be easily found by
setting the derivative of Equation (29) with respect to the
action a equal to zero:

−∂R(s, a)

∂a
= γ

∂Vθ(s)

∂s

∂P̂(s, a)

∂a
. (30)

To guarantee exploration, a zero-mean noise term ε is added to
the action. As the computed action may lay outside the action
space A it needs to be clipped:

a← sat(ε+ a) (31)

where sat is an appropriate saturation function.

A. Process Model Parametrization

The process model s′ = P̂(s, a) is approximated by using
LLR. This approximator is chosen because it can learn a
locally accurate process model from just a few observations.

Samples ζPi =
[
sTi aTi | s′

T
i

]T
of the state transitions

are stored in the memory MP . The transition due to action
ak in state sk is predicted with

sk+1 =
[
βPs βPa βPb

] skak
1

 . (32)

The superscript P denotes the process model parameter and
the subscripts denote the input variable which the parameter
multiplies. The derivative of the process model needed in
Equation (30) is then simply ∂P̂(s,a)

∂a = βPa .

B. Critic Parametrization

VGBP can use any critic function that is differentiable with
respect to the state. In this paper two critic approximators
are used: the LLR critic of [6] and the RBF approximator.
The LLR critic collects the samples ζCi = [sTi |Vi]T with i =
1, . . . , NC in the critic memory MC . The value of a state is
computed using the local affine model

Vθ(s) =
[
βCs βCb

]
·
[
s
1

]
. (33)

with θ =
[
βCs βCb

]
. For the local affine value function

approximation, the right hand side of Equation (30) reduces
to γβCs β

P
a .

The equations of the RBF critic are given in Section IV-B.
The derivative of the value function with respect to the state
is given by

∂Vθ(s)

∂s
= θT

∂φ(s)

∂s
. (34)

For a diagonal scaling matrix B as used in this paper we have

∂φi(s)

∂s
= −φi(s)

B−1(s− ci) +

∑
j
∂φ̄j(s)
∂s∑

j φ̄j(s)

 . (35)

Because the RBF approximator is linear in parameters, the
parameter vector θ can also be estimated by least squares. The
Least Squares Temporal Difference (LSTD) algorithm [10] is
given by:

ek+1 = λγek + φ(sk), (36)

Ak+1 = Ak + ek(φ(sk)− γφ(sk+1))T , (37)
bk+1 = bk + ekrk+1, (38)

θk+1 = A−1
k+1bk+1, (39)

where e0 = φ(s0), b0 = 0 and A0 is chosen as a small
invertible matrix. The advantages of the LSTD critic are its
high learning speed and the fact that there is no learning
rate or schedule to be tuned. A disadvantage is the increased
computational costs. The full algorithm for VGBP using LLR
process model and a generic critic is given in Algorithm 1.

The critic update equations in Algorithm 1 apply directly
to the RBF (or similar parametric) approximator. For the LLR
approximator update, refer to Algorithm 2 in [6].

VI. SIMULATION AND EXPERIMENTAL RESULTS

The working of VGBP is verified for the pendulum swing-
up task, both in simulation and on an experimental setup. This
task is a standard benchmark in RL [15]. The learning behavior
of VGBP in a multidimensional action space is then tested on
a two link robotic manipulator.

A. Underactuated Pendulum Swing-up

A picture of the setup is given in Figure 1. The goal is
to swing a pendulum up from a down-pointing position to the
upright position as quickly as possible and keep the pendulum
upright by applying an appropriate voltage to the DC-motor.
The action space is limited to a ∈ [−3, 3] V, which makes
it impossible to bring the pendulum directly from the initial
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Algorithm 1 Value-Gradient Based Policy with LLR process
model
Require: : γ,λ,σ

1: initialize k = 0, s0, θ, MP , ek = 0
2: draw action a ∼ N (0, σ) and clip it if necessary
3: for every step k = 0, 1, 2, . . . do
4: measure sk+1 and compute reward rk+1

5: Critic
6: δk+1 ← rk+1 + γV (sk+1)− V (sk)
7: ek = λγek + φ(sk)
8: update critic
9: Process model

10: insert
[
sTk aTk | sTk+1

]T
in MP

11: Action selection
12: obtain X and Y from MP for sk+1

13: βP = Y XT (XXT )−1

14: find ak+1 by solving −∂R(sk+1,ak+1)
∂a = γ ∂Vθ(sk+1)

∂s βPa
15: draw ε ∼ N (0, σ)
16: ak+1 ← sat(ak+1 + ε)
17: apply action ak+1

18: end for

Fig. 1. The underactuated pendulum.

state to its upright position. Instead the agent needs to learn
to build up momentum by swinging the pendulum back and
forth.

1) Process and Learning Experiment Description: The
dynamics of the pendulum are given by[
ṡ1

ṡ2

]
=

[
s2

1
J

(
Mgl sin(s1)−

(
b+ K2

R

)
s2

)]
+

[
0
K
JR

]
a (40)

where s1 is the angle of the pendulum and s2 is its angular
velocity. The model parameters are listed in Table I.

The reward is calculated using the following quadratic
function

rk+1(sk, ak) = −sTkQsk − aTk Pak, (41)

with

Q =

[
5 0
0 0.1

]
P = 1.

A learning experiment consists of 200 trials. Each trial is
3 seconds long and after the trial, the pendulum is reset to
its downward position ([π 0]T ). A sampling time of 0.03s is
used. All simulations and experiments are repeated 20 times
to acquire an average of the learning behavior as well as a
confidence interval for the mean.

TABLE I
PARAMETERS OF THE UNDERACTUATED PENDULUM.

Model parameter Symbol Value Units
pendulum inertia J 1.91 · 10−4 kgm2

pendulum mass M 5.50 · 10−2 kg
gravity g 9.81 m/s2

pendulum length l 4.20 · 10−2 m
damping b 3.0 · 10−6 Nms
torque constant K 5.36 · 10−2 Nm/A
rotor resistance R 9.50 Ω

RL parameter Symbol Value Units
sampling time Ts 0.03 s
discount factor γ 0.97
exploration noise σ2 1 V
maximal action amax 3 V
minimal action amin −3 V

2) Model Learning Methods: Because MLAC and VGBP
differ only in the action selection, the result of our new
algorithm can be clearly illustrated by using in both algorithms
the same process model and critic approximator (LLR). The
parameters are stated in Table II.

TABLE II
AGENT PARAMETERS FOR SIMULATED PENDULUM SWING-UP FOR MLAC

AND VGBP WITH LLR APPROXIMATORS.

Parameter Actor Critic Model
learning rate α 0.04 0.1
trace decay factor λ 0 0.65
memory size N 2000 2000 2500
nearest neighbors K 9 20 30
input scaling diag(W ) [1 0.1] [1 0.1] [1 0.1 1]

Given the reward function (41), the desired action for VGBP
is given by

a =
1

2
γP−1 ∂Vθ(s)

∂s
βPa . (42)

An exploratory action is applied for both MLAC and VGBP
once every three time steps, where ε ∼ N (0, 1). This explo-
ration strategy generates large exploratory actions, which force
the agent out of the known part of the state space. At the same
time, the policy is not dominated by the exploration noise and
the agent gets time to correct unsuccessful exploratory actions
and adapt the critic.

The learning behavior including confidence bounds of
MLAC is shown in Figure 2(a). The learning converges in
approximately 9 minutes of interaction time. The confidence
region for the mean is very narrow, indicating that a steady
swing-up is achieved each time. The learned policy is given
in Figure 2(b). The results of VGBP are given in Figure 2(c).
After 25 trials the learning speed increases, because VGBP
has learned to bring the pendulum near its top position, but
not yet how to stabilize it there. The algorithm converges after
3 minutes of learning. The final policy is slightly worse than
that of MLAC, as VGBP needs two or three swings to get the
pendulum upright. MLAC only needs two. The policy learned
is shown in Figure 2(d).

3) Sarsa: To see how the learning behavior of VGBP
relates to critic-only methods, Sarsa is applied to the inverted
pendulum. The critic uses a set of 400 RBFs with their
centers placed on a 20 × 20 equidistant grid in the Carte-
sian product space of the angle domain [−π, π] rad and the
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angular velocity domain [−25, 25] rad/s. All RBFs have the
same scaling matrix B. The scaling matrix is chosen such
that the value of the non-normalized BF is 0.5 at the point
where neighboring BFs intersect. The action space of Sarsa
is discrete: ASarsa = {−3, 0, 3}. Each action has the same set
of BFs, denoted by φb(s) ∈ R400. This results in a parameter
vector θ ∈ Rp with p = 3 · 400 = 1200.
The actions are selected with ε-greedy action selection, where
ε is determined by

ε = max
(
0.1, 0.96trial−1

)
. (43)

The decay factor 0.96 and the minimum exploration probabil-
ity were found by manual tuning. The critic learning rate is set
to αc = 0.5 and the trace decay factor to λ = 0.85. The results
are shown in Figure 2(g). Sarsa needs more system interaction
than the model learning algorithms, but its final performance
is slightly better than that of VGBP-LLR.

4) LSTD Critic: To remove the dependence of VGBP on
the critic learning rate, LSTD is applied. The same set of 400
equidistant BFs is used as for Sarsa. The initial A matrix is set
to A = 0.5I and the b vector to b0 = 0. This gives the value
function a bias towards 0, which is an optimistic initialization,
since all rewards are negative. This stimulates exploration
in the early phase of learning and prevents overfitting. The
eligibility trace decay factor is set to λ = 0.3. With this
relatively low value for the trace decay factor λ, the optimistic
initialization is retained longer than for bigger values of λ.
Tests indicated that this is an appropriate compromise between
stimulating exploration and propagating the reward to recently
visited states.

The critic parameters are updated at the end of every trial,
which gives steadier behavior than when the critic is updated
at each time step. The reason is that thanks to the use of
LSTD, the value function, and hence the policy, can change
considerably in a single update step. This leads to a noisy
policy at early stages of learning. The learning progress is
depicted in Figure 2(e). A swing-up is learned in less than a
minute of system interaction. A typical trajectory generated
with a learned policy is shown in Figure 3. The agent pulls
the pendulum to one side by applying the maximum voltage.
When the maximum angle is reached the agent reverses the
control action to swing the pendulum to the top. Because
the control action is cheap compared to the penalty on the
angle, the agent adds more energy to the system than strictly
needed for a swing-up. This is done to leave the expensive
downwards position as quickly as possible. The additional
energy is dissipated by the damping in the final stage of the
swing-up (after 0.7 s).

In Figure 2(h) the average learning behavior of all the above
methods is compared. As can be seen VGBP does not only
learn faster with an LSTD-critic, but also finds a better, more
steady policy. The quality of the learned policies of VGBP-
LSTD and Sarsa is similar. The final policy of MLAC is the
best.

5) Experimental Results on the Physical Setup: Since in
simulation the VGBP with the LSTD-critic performed the best,
it was applied to the setup, using exactly the same settings as in
simulation. Because the setup measures only the angle, model
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Fig. 3. Trajectory of the swing-up of VGBP-LSTD in simulation.

0 5 10 15 20 25 30 35 40 45 50
−7000

−6000

−5000

−4000

−3000

−2000

−1000

0

Trials

S
um

 o
f r

ew
ar

ds
 p

er
 tr

ia
l

 

 

Mean
Max and min bounds
95% confidence region for the mean
Simulation results

Fig. 4. Performance of VGBP in 20 real-time experiments on the pendulum
setup.

(40) is used as a state observer. The action is determined with
the predicted state of the model. This makes the time delay
between the state measurement and action execution minimal.

Figure 4 shows that the learning with VGBP-LSTD con-
verges in 1.5 minutes. The results for the setup and the
simulation are quite similar, with two main differences. On
the setup, VGBP needs only two swings to get the pendulum
upright. Although the number of swings needed to get the
pendulum upright is smaller on the physical setup, the return
does not increase, because there are some unmodeled dynam-
ics in the setup. It takes slightly longer to complete a swing-
up than in simulation. The other difference is that the spikes
in the min-bound disappear on the setup after 30 trials, and
not in the simulation results (Figure 2(e)). This is probably
caused by unmodeled friction. This makes the movements
a fraction smoother on the setup than in simulation. The
smoother behavior leads to less spikes in the return.

B. Robotic Manipulator

In this section VGBP learns to control a two-link manipu-
lator to its center position. Both joints are actuated.

1) Process Description: This setup is a standard 2-DOF
manipulator operating in a horizontal plane, see the picture
and schematic in Figure 5. The model parameters are listed in
Table III.
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(a) Results of MLAC.
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(b) Typical policy learned by MLAC
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(c) Results of VGBP-LLR
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(d) Typical policy learned by VGBP-LLR
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(e) Results of VGBP-LSTD
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(f) Typical policy learned by VGBP-LSTD
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(g) Results of SARSA
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Fig. 2. Results of 20 simulations of MLAC, VGBP-LLR, VGBP-LSTD and SARSA on the inverted pendulum swing-up task and typical learned policies.
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Fig. 5. An experimental 2-DOF robotic manipulator.

TABLE III
PARAMETERS OF THE ROBOTIC MANIPULATOR.

Model parameter Symbol link 1 link 2 Units
length l 0.1 0.1 m
mass m 0.125 0.05 kg
center off mass mc 0.04 0.06 m
inertia I 0.074 1.2 · 104 kgm2

RL parameter Symbol Value Units
sampling time Ts 0.01 s
discount factor γ 0.97
exploration noise σ 0.05
action space A [-0.1,0.1] [-0.1,0.1] Nm

The system has four states, the two angles and two angular
velocities: s =

[
ψ1 ψ̇1 ψ2 ψ̇2

]T
. The action a consists

of the torques applied in the joints a = [τ1 τ2]T . For safety
reasons, the absolute maximum action signal for both links is
set to 0.1. Due to mechanical constraints, the operating range
is set for both links to be [−1.2, 1.2] rad. Difficulties are the
very high friction in the links and the coupling between the
states. For this task the quadratic reward function (41) is used
with

Q = diag
[
200 1 50 1

]
P = diag

[
2 2

]
In case the manipulator is steered outside the operating range
a reward of −4 · 104 is given and the trial is terminated.
This value has been chosen as an extremely large penalty to
discourage the agent from leaving the operating range. The
sampling time is set to 0.05s. The learning procedure consists
of sequences of four trials with the following initial states:

S0 =




1
0
1
0

 ,


1
0
−1
0

 ,

−1
0
1
0

 ,

−1
0
−1
0




These states are the farthest from the goal state. In this manner
an estimate is made for the lower bound of the return when
starting from a random initial state. Each trial lasts for at most
10 seconds.

2) Learning Parameters: The value function approximator
employs RBFs with their centers placed on an equidistant
grid over the state space. This grid is defined for both
links over [−1.2, 1.2] rad and for the angular velocities over
[−0.8, 0.8] rad/s. The number of BF’s along each dimension
are

[
5 3 5 3

]
, giving a total of 225 BFs. The B matrix

is chosen in the same way as in Section VI-A. The critic is
updated with LSTD(λ) with the trace decay factor λ = 0.3.
The parameter vector θ is updated after the completion of a
trial. This proved to give the highest learning speed, since

information over a larger part of the state space is taken into
account. The complete set of learning parameters are listed in
Table IV.

TABLE IV
RL PARAMETERS OF VGBP FOR THE ROBOTIC MANIPULATOR.

Process Model
trace decay factor λ 0
memory size NP 5000
nearest neighbors KP 80
input scaling diag(W )

[
1 0.05 1 0.05 5 5

]
Critic

trace decay factor λ 0.3
basis functions NBF

[
5 3 5 3

]
angles ψ1; ψ2 [−1.2, 1.2]; [−1.2, 1.2] rad
angular velocities ψ̇1; ψ̇2 [−0.8, 0.8]; [−0.8, 0.8] rad/s
initial A- matrix A0 0.5I

3) Simulation and Experimental Results: Figure 7 shows
the average learning curve computed from 20 learning exper-
iments. A typical trajectory is shown in Figure 6.
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Fig. 6. Typical experimental result learned on the manipulator. The solid
blue curve is ψ1 and the red dash-dotted curve is ψ2.

The algorithm is able to steer the arm close to its center
position. Due to the very high friction and the long sampling
time the assumption made in Equation (29) that the value
function is linear with respect to the action is violated near the
center position. This causes a slight overshoot at that position.

The low minimum bound in Figure 7 is the result of VGBP
occasionally steering the arm out of the feasible region. This
is caused by the optimistic initialization. Through exploratory
actions the agent reaches unexplored parts of the state space.
Because unseen states have a higher value than the known
states, the agent leaves its known area and heads towards un-
explored (terminal) states. This can be prevented by giving the
known terminal states a very low initial value. The experiment
shows that VGBP can be easily applied to multidimensional
learning problems, finding a proper policy in a short amount
of time.
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VII. DISCUSSION

VGBP learns the value function and uses its derivative in
the action selection. For convex reward functions the action
is found by solving a convex optimization problem. In tasks
where extreme actions are required for large parts of the
state space, like with the robotic manipulator, this proves
to be very efficient, because the maximum action is taken
when the gradient is steep and points approximately in the
right direction. With an optimistic initialization this results in
rapid exploration of the state space, leading to quick learning.
A disadvantage is that the variance in the value function
estimates is amplified in the gradient and therefore in the
action selection. This resulted in a less stable final policy
in simulations of the inverted pendulum swing-up; the agent
needed two or three swings to get the pendulum upright. Other
algorithms needed the same number of swings each time.

Furthermore, updating the critic at the end of a trial yielded
better performance, than updating the critic at each sample,
which can result in over-fitting and consequently in suboptimal
policies. Other algorithms that use the gradient of the value
function are MLAC and HDP methods. These methods suffer
less from the variance in the value function because its
influence is reduced by the actor update rule.

Note that the experimental evaluation is not complete in
the sense that not all combinations of settings (RL algorithm,
function approximation, critic update, action set, use of a
model) are evaluated. Such a comparison would be neces-
sary to assess, with a reasonable certainty, where the gain
in performance exactly comes from, but it is beyond the
scope of this paper. Interested readers can refer to [16] for
a comparison of model-learning actor-critic algorithms with
LLR approximators and with radial basis functions.

VIII. CONCLUSIONS AND FUTURE WORK

In this paper we introduced a learning-rate-free version of
VGBP. This method selects its actions via a direct optimization
over the right-hand side of the Bellman equation. In contrast to
standard RL methods, the reward function must be available to
the agent. By using the reward function along with a learned
process model, the agent can predict the result of its actions.
We have shown that the access to the reward function enables
VGBP to learn faster than an actor-critic algorithm which
also uses a model to obtain the same value gradient. The

quality of the policy is dependent on the critic and process
model approximation. We have shown that the framework
works for several critic approximators, both parametric and
nonparametric. VGBP-LSTD achieved the highest learning
speed, both in simulations and in experiments with physical
systems. In addition no learning rates need to be tuned. In
this paper, LLR is used as a function approximator for the
process model. It is interesting to investigate if the model can
also be used to train the critic like in the Dyna algorithms.
The two learning tasks in this paper have a quadratic reward
function. Further research is needed to find out if the good
learning properties also hold for problems with more complex
reward structures. As addressed in Section VI-B, the algorithm
has a tendency to explore unseen states, including bad terminal
states. It is worth investigating how the value function could be
optimally initialized using knowledge of the reward function.
This allows safe implementation of VGBP in learning tasks
on mechanical systems with physical limitations.
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